
THE LINE JOINING CONJUGATED CONJUGANCES

FRANCESCO SALA AND DANYLO KHILKO

Abstract. For a given triangle ABC we consider a pair of isotomically
conjugated points P and Q. Let P ′ and Q′ be the isogonal conjugances

of P and Q respectively. We study properties of the line P ′Q′ and the
points where P ′Q′ meet the sides of the triangle ABC. In particular, we

generalize Theorem 1 and Theorem 3 from [1].

1. Introduction and main results

The following result was obtained in [1]:

Theorem 1. Let ABC be an acute triangle. Its altitudes AH1, BH2, CH3

intersect at the point H. Denote the midpoints of the sides AB,BC,CA by
M3,M1,M2. Let XA be the foot of perpendicular from A to H2H3. The points
XB , XC are defined analogously. The circumcircles of the triangles M1M2XC ,
M1M3XB, M2M3XA have common point which lies on the Euler line.

The proof of this result uses the specific properties of the orthocenter and
the circumcircle of a triangle. So one cannot extend this result on other config-
urations directly. However it is natural to ask if it is possible to generalize this
fact in some way. We do it in this paper introducing the following construction.

Let ABC be an acute triangle and P , Q be a pair of isotomically conjugated
points. Let P ′ and Q′ be the isogonal conjugance of P and Q respectively (for
more details about isotomic and isogonal conjugance see [4] and [3]). Let the
cevian traces of P on the sides BC,CA,AB are D,E, F respectively and the
circles �(AEF ),�(BDF ) and �(CDE) intersect the circumcircle of ABC
again at the points D0, E0, F0.

We generalize Theorem 1 in the following way.

Theorem A. The circles �(DE0F0),�(ED0F0),�(FD0E0) are concurrent
at a point M and this point lies on a line ` which passes through the points
P ′, Q′.

It is easy to see that the generalization coincides with the above Result 1
exactly when P is Nagel point of ABC.

It occurs that the crucial role in the proof of the previous Theorem play
the points KA, KB , KC which are the points where P ′Q′ meets the sides
of the triangle ABC and the points X, Y , Z which are defined as follows:
X = E0F0 ∩BC, Y = F0D0 ∩ CA, Z = D0E0 ∩AB.

Further examination of the properties of these points resulted in a general-
ization of Theorem 3 from [1].

Theorem B. The lines AKA, Y Z and E0F0 are concurrent.
1
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Also, we characterize the points where P ′Q′ meet the sides of XY Z.

Theorem C. The lines Y Z, P ′Q′, CE0, BF0 are concurrent.

Moreover, we use this Theorem to extend Theorem A as follows. Let R and
S be the complement points of P , Q with respect to ABC which means that
PG = 2GR and QG = 2GS, where G is the centroid of ABC (see [5]). Denote
by R′, S′ the isogonal conjugates of R and S respectively.

Theorem D. The points P ′, Q′, R′ and S′ are collinear.

All the notation which was introduced above is default notation and is used
throughout the paper except Lemma 3 and Lemma 4. There we use inner
notation which is independent from the default one.

2. Proofs

Firstly, we prove an auxiliary result which we are going to use twice in
different parts of the paper.

First of all, let us define the point U as the intersection of BE0 and CF0,
and analogously the points V,W . We prove a fundamental

Proposition 1. The lines AU,BV,CW are concurrent at the point R′

In order to prove Proposition 1 we need several Lemmas which are inter-
esting on their own.

Let the circumcircles of BFC and BDA intesect secondly at NB , the cir-
cumcircles of BEC and CDA intersect secondly at NC (see Fig. 2).

Denote by PB , PC , PD the points which are symmetric to P with respect
to NB , NC , D correspondently.

The next Lemma

Lemma 1. The circumcircle of the triangle NCDNB passes through the mid-
point of BC and the midpoint of AP .

Proof. Let A1 be the midpoint of BC and K be the midpoint of AP and PA

be the symmetric point to P with respect to A1.
It is sufficient to show that A, PB , PD, PA and PD are cyclic.
NB is the Miquel point of the lines CF , AD, CB, BA, and the point NC

is the Miquel point of the lines BE, AD, BC, CA, hence the circumcircle
of PDC passes through NB , and the circumcircle of PBD passes through
NC . Then the triangles BNCP are ANCC similar, because ∠(NCA,AC) =
∠(NCD,DB) = ∠(NCP, PB), ∠(NCC,CA) = ∠(NCD,DP ) = ∠(NCB,BP ).
Then

(1)
BP

AC
=

NCP

ANC
=

BNC

NCC
.

Obviously quadrilateral BPCPA is a parallelogram, consequently BP = PAC.
Also PNC = NCPC and ∠(BNC , NCC) = ∠(BE,EC) = ∠(PNC , NCA).
Using previous equalities we obtain

PCNC

PAC
=

PNC

BP
=

ANC

AC
.
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Fig. 1.

Also ∠(PAC,CA) = ∠(BE,EA) = ∠(BNC , NCC) = ∠(PNC , NCA) =
∠(PCNC , NCA). Then the triangles ACPA and ANCPC are similar. Hence,

APC

APA
=

PCNC

PAC
=

ANC

AC
.

Also we have ∠(PCA,ANC) = ∠(PAA,AC), so ∠(PCA,APA) = ∠(NCA,AC).
Then the triangles PCAPA and NCAC are similar, so ∠(APC , PCPA) = ∠(ANC , NCC) =
∠(AD,DC). Analogously ∠(APB , PBPA) = ∠(AD,DB). Then the quadrilat-
eral PCAPBPA is inscribed because ∠(APC , PCPA) = ∠(AD,DC) = ∠(AD,DB) =
∠(APB , PBPA). Now we are left to show that PD also lies on this circle. We
need that ∠NCDNB = ∠PCPAPB . Using similarity of two pairs of triangles
APCPA, ANCC and APBPA, ANBB we have:

∠PCPAPB = ∠PCPAA+∠APAPB = ∠NCCA+∠ABNB = ∠NCDA+∠ADNB = ∠NCDNB ,

and we are done. �

Lemma 2. The circumcircle of the triangle NCANB passes through the point
D0.
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Fig. 2.

Proof. Let D′
0 be the second intersection point of the circumcircles of the

triangles BA1NB and CA1NC . We have ∠(BD′
0, D

′
0C) = ∠(BD′

0, D
′
0A1) +

∠(A1D
′
0, D

′
0C) = ∠(BNB , NBA1)+∠(A1NC , N). By Lemma 1 ∠(A1NC , NCD) =

∠(A1NB , NBD), thus ∠(BNB , NBA1) + ∠(A1NC , NCC) = ∠(BNB , NBD) +
∠(DNC , NCC) = ∠(BA,AD) + ∠(DA,AC) = ∠(BA,AC), so D′

0 lies on the
circumcircle of ABC. We know that D0 is the centre of the rotation homoth-

ety which sends BF to EC. If we prove that BF
EC =

D′
0B

D′
0C

we will prove that

D′
0 = D0. As A1 is the midpoint of BC by sine law we have

CD′
0

BD′
0

=
sin∠(BD′

0, D
′
0A1)

sin∠(A1D′
0, D

′
0C)

.

We have ∠(BNB , NBA1) = ∠(BD′
0, D

′
0A1), ∠(A1NC , NCC) = ∠(A1D

′
0, D

′
0C).

Then by sine law applied for the triangles A1NCC and A1NBB we have

sin∠(BNB , NBA1)

BA1
=

sin∠(NBA1, A1B)

BNB
,

and
sin∠(A1NC , NCC)

A1C
=

sin∠(NCA1, A1C)

NCC
.

After division we obtain

sin∠(BNB , NBA1)

sin∠(A1NC , NCC)
=

sin∠(NBA1, A1B)

sin∠(NCA1, A1C)
· CNC

BNB
.
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By Lemma 1 the points D, A1, NC , NB are cyclic. Hence, by sine law

sin∠(NBA1, A1B)

sin∠(NCA1, A1C)
=

NBD

DNC
.

After substitution we have

CD′
0

BD′
0

=
NBD

DNC
· CNC

BNB
.

Finally, we have two similar triangles BFNB and DPNB . Indeed, ∠(PD,DNB) =
∠(PC,CNB) = ∠(FB,BNB) and ∠(PNB , NBD) = ∠(PC,CD) = ∠(FNB , NBB).
Analogously, the triangles CENC and DPNC . Hence,

DNB

BNB
=

PD

BF
,

CNC

NCD
=

CE

PD
.

So,

CD′
0

BD′
0

=
DNB

NCD
· CNC

BNB
=

CE

BF
,

and we are done. �

Fig. 3.
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Proof of Proposition 1. We claim that the lines ANA, APA are isogonal with
respect to the angle ∠BAC (see Fig. 3). In order to prove it just note that
∠(BNA, BP ) = ∠(ANA, AE) and ∠(PB,PNA) = ∠(CE,CNA), so that the
triangles 4BNAP,4ANAC are similar (analogously as it was done in the
proof of Lemma 1) and BNA : ANA = BP : AC = CPA : AC; this, with
∠(AC,CPA) = ∠(AE,EB) = ∠(ANA, NAB) proves that4ANAB and ACPA

are directly similar, from which the claim follows. Now let G be the centroid
of ABC: we observe that PG : GR = 2, so Menelaus theorem on the triangle
PGA1 gives us that A,R, PA are collinear; we conclude that APA, BPB , CPC

are concurrent at R, so that ANA, BNB , CNC are concurrent at R′. What we
are left to prove is that NA lies on the line AU .

Now we have that

∠(ANB , ANC) = ∠(ANB , AD)+∠(AD,ANC) = ∠(BNB , BD)+∠(CD,CNC),

where the last equivalence follows from the obvious cyclicity of ANBDB and
ANCDC. But BNB , CNC intersect at R′ so the last quantity equals ∠(BR′, CR′)
and the quadrilateral ANBR

′NC is cyclic. By Lemma 2 we have that D0 be-
longs to this circle.

Similarly the pentagons BE0NANCR
′ and CF0NANBR

′ are cyclic: conse-
quently the lines BE0, CF0 and R′NA concur at the radical center of these
two circles and �(ABC), so that A, NA, U are collinear as we wanted. �

Fig. 4.

Theorem A. The circles �(DE0F0),�(ED0F0),�(FD0E0) are concurrent
at a point M and this point lies on a line ` which passes through the points
P ′, Q′.
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Let KA,KB ,KC be the second intersections of the circles�(DE0F0), �(ED0F0),
�(FD0E0) with the sides BC,CA,AB respectively (see Fig. 4). Remark that
here we define these points differently from the definition which we gave in
the Introduction. Later we will prove that these points lie on the line P ′Q′ so
there is no conflict in here.

Recall that X is the intersection point of the lines E0F0 and BC; the points
Y and Z on CA and AB respectively are defined in analogous way. Now we
will prove that the lines AX,BY,CY concur at a point J on �(ABC).

In order to prove the latter claim we need a further.

Lemma 3. Let ABC be a given triangle and P, P1 be two cyclocevian con-
jugates points (that is two points such that their cevian traces D,E, F and
D1, E1, F1 on the sides BC,CA,AB are concylic on a circle Ω). Let us define
TA = EF ∩ E1F1 and similarly TB , TC . Then the lines DTA, ETB , FTC are
concurrent at a point on Ω.

Fig. 5.

Proof. Let E2 = DF ∩ AC and F2 = D1E1 ∩ AB (see Fig. 5); finally, let
L = EF2 ∩BC. Clearly

E2A

E2C
=

EA

EC
;
F2A

F2B
=

F1A

F1B
,

so that by Menelaus theorem on ABC and the line F2E

LB

LC
=

AE

EC
· F2B

F2A
=

AE

EC
· F1B

F1A
,

and E2, F1, L are aligned by Menelaus theorem applied on the triangle ABC.
We conclude that the triangles DEE2 and D1F2F1 are perspective and the
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points A = EE2 ∩ F2F1, TB = D1F1 ∩DE2 and TC = DE ∩D1F2 are aligned
by Desargues theorem. If the line FTC intersects Ω again at G then Pas-
cal theorem on the hexagon EGFF1D1E1 implies that E,G, TB are aligned.
Similarly we get that G belongs to ATA and the Lemma is proved. �

By Proposition 1 we know that the lines AU,BV,CW concur at R′. Note
that then the lines D0U , E0V and F0W are concurrent and intersect at a
point T which is the cyclocevian conjugate of R′ with respect to UVW (see
[6] for more details). Hence, comparing Fig. 5 and Fig. 4 one can detect the
correspondence between the original construction and the construction from
Lemma 3. Indeed, we can treat the triangle UVW as the triangle ABC from
Lemma 3, then the triangle XY Z correspond to TATBTC in the notion of the
Lemma 3 and finally it is easy to see that the existance of the desired point J
is guaranteed by the existance of the point G from Lemma 3.

Corollary 1. The triangle XY Z is self-polar.

Proof. The statement follows from the Brocard Theorem applied to the points
A, B, C, J . �

Fig. 6.

The main step of the proof is the following

Lemma 4. Let ABC be a triangle and D,E, F be the cevian traces of a point
P on the sides BC,CA,AB respectively. Let P ′ be the isogonal conjugate of
P with respect to ABC and D1, E1, F1 be the second intersection points of the



THE LINE JOINING CONJUGATED CONJUGANCES 9

lines AP ′, BP ′, CP ′ with the circumcircle of ABC. Also, let R be a point on
the circle �(ABC); moreover, let A1 be the intersection point of the lines BC
and R1D1. Let B1, C1 be similarly defined.

Then A1 ∈ �(ADR), B1 ∈ �(BER), C1 ∈ �(CFR) and these three points
are aligned on a line passing through P ′.

Proof. Firstly, we will show that A1, B1, C1, P ′ are aligned (see Fig. 6). Pas-
cal Theorem on the hexagon ABE1R1F1C implies that C1, P ′ and B1 lie on a
line. Similarly we have that B1, P ′ and A1 lie on a line. Now we need to prove
that the point A1 belongs to the circle �(ARD). Two similar claims will fol-
low immediately. We have that the triangles 4ADC and 4ABD1 are directly
similar, because ∠(BA,AD1) = ∠(DA,AC) and ∠(BD1, D1A) = ∠(DC,CA).
Then ∠(A1D,DA) = ∠(CD,DA) = ∠(D1B,BA) = ∠(D1R,RA) = ∠(D1R,RA1).
We conclude that ADRA1 is a cyclic quadrilateral. �

We have that XKA · XD = XE0 · XF0 = XA · XJ or equivalently that
KA is the second intersection of BC with the circle �(AJD) (see Fig. 4).
Analogously, KB is the second intersection of CA with the circle �(BJD) and
KC is the second intersection of AB with the circle �(CJD).

The Lemma 4 implies that KA,KB ,KC and P ′ are aligned on a line `.
Indeed, we can apply this Lemma to the triangle ABC and the point J on the
circumcircle of ABC (see Fig. 4). Then the points KA, KB , KC become the
points A1, B1 and C1 from the notation of Lemma 4. Remark that this fact
generalizes Proposition 1 from [1].

In order to conclude that Q′ lies on ` we just need the following.

Fig. 7.



10 FRANCESCO SALA AND DANYLO KHILKO

Let the points D′, E′, F ′ be the isotomic of D,E, F relatively to the respec-
tive sides (equivalently, the symmetric ones with respect to the midpoints of
the sides). The circles �(AE′F ′),�(BD′F ′) and �(CD′E′) intersect �(ABC)
again at D′

0, E′
0, F ′

0.

Lemma 5. The second intersection point of the circles �(DE0F0),�(D′E′
0F

′
0)

lies on the side BC.

Proof. Let KA be the intersection of the lines F0E
′
0 and E0F

′
0 (see Fig. 7).

Remark that we redefined the point KA once more. Obviously, by proving that
KA ∈ BC we will show that this new point KA coincides with the previous
one. Clearly F ′

0 is the center of the similarity that sends E′D′ to AB, hence

F ′
0A

F ′
0B

=
F ′
0E

′

F ′
0D

′ =
AE′

BD′ =
CE

CD
,

we conclude that the triangles 4F ′
0AB,4F ′

0E
′D′,4CED are directly similar.

Then ∠(AF ′
0, AC) = ∠(AF ′

0, AB)+∠(AB,AC) = ∠(EC,ED)+∠(AB,AC) =
∠(AB,ED); similarly we get ∠(AF0, AC) = ∠(AB,E′D′) and ∠(AF ′

0, AF0) =
∠(AF ′

0, AC) + ∠(AC,AF0) = ∠(AB,ED) + ∠(E′D′, AB) = ∠(E′D′, ED).
Similarly, ∠(AE′

0, AE0) = ∠(D′F ′, DF ). It immediately follows that ∠(KAE0,KAF0) =
∠(F ′

0E0, F
′
0E

′
0)+∠(E′

0F
′
0, E

′
0F0) = ∠(AE0, AE′

0)+∠(AF ′
0, AF0) = ∠(DF,D′F ′)+

∠(E′D′, ED) = ∠(FD,DE) + ∠(E′D′, D′F ′). We can now infer that KA

belongs to the circle �(DE0F0): indeed ∠(DE0, DF0) = ∠(DE0, DF ) +
∠(FD,DE) + ∠(DE,DF0) = ∠(BE0, BF ) + ∠(FD,DE) + ∠(CA,CF0) =
∠(AE0, AF0) + ∠(FD,DE). It is known that ∠AE0, AF0 = ∠D′E′, D′F ′

(see, for instance, [2]). Anyway, we give the proof of it. We have two pairs of
similar triangles E0FA and E0DC; F0EA and F0DB. So

E0A

E0C
=

AF

CD
=

BF ′

BD′ ;
F0A

F0B
=

AE

BD
=

CE′

CD′ ,

and from these equations we get similarity of the triangles AE0C and F ′BD′;
AF0B and E′CD′. Consequently, ∠(E0C,CA) = ∠(BD′, D′F ′), ∠(F0B,BA) =
∠(CD′, D′E′) and ∠(E0A,AF0) = ∠(E0C,CA)+∠(AB,BF0) = ∠(BD′, D′F ′)+
∠(E′D′, D′C) = ∠(E′D′, D′F ′). Now we just conclude that ∠(DE0, DF0) =
∠(AE0, AF0)+∠(FD,DE) = ∠(E′D′, D′F ′)+∠(FD,DE) = ∠(KAE0,KAF0).
Similarly, KA also lies on the circle �(D′E′

0F
′
0). All we have to do now is just

to prove that KA ∈ BC: but KA ∈ �(DE0F0) implies that ∠(DKA, DF0) =
∠(E0KA, E0F0) = ∠(AF ′

0, AF0) = ∠(E′D′, ED); besides, we have ∠(DC,DF0) =
∠(CE,EF0) = ∠(CE,ED) + ∠(ED,EF0) = ∠(CE,ED) + ∠(E′D′, E′C) =
∠(E′D′, ED) = ∠(DKA, DF0) and D,KA, C are collinear, as we wanted. �

Using Lemma 5 we can now repeat the last arguments for the point Q
instead of P to get that KA,KB ,KC and Q′ are collinear.

Proof of Theorem A. Now let M be the second intersection point of�(FE0D0)
with P ′Q′ (we have already deduced that KC is a common point of �(FE0D0)
and P ′Q′; M is an another one). Then ∠(MKB ,MD0) = ∠(FKC , FD0) =
∠(EKB , ED0) and M ∈ �(ED0F0) (see Fig. ). Analogously we get that
M ∈ �(DE0F0), as the Theorem stated.

�

The next Theorem gives generalization of Theorem 3 in [1].
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Theorem B. The lines AKA, Y Z and E0F0 are concurrent.

We introduce some additional notation. Let the tangents to the circumcircle
of ABC at points D0 and F0 intersect at the point SB . The points SA and
SC are defined analogously (see Fig. 2).

Fig. 8.

To prove Theorem B we need some preparation given below.

Lemma 6. The lines ASA, BSB, CSC intersect at the point Q′.

Proof. It is sufficient to prove that Q′ belongs to the line ASA.
Consider the intersection point LA 6= D of the circle which passes through

D and touches AB at B and the circle which also passes through D and
touches AC at C (see Fig. 9). It is easy to see that LA ∈ �(ABC), Indeed,
∠(BLA, LAC) = ∠(BLA, LAD)+∠(DLA, LAC) = ∠(AB,BD)+∠(DC,CA) =
∠(BA,AC). We have two pairs of similar triangles: BDLA and ACLA; CDLA

and ABLA. So we have

(2)
BD

AC
=

BLA

ALA
=

DLA

LAC
;
DC

AB
=

LAC

ALA
=

DLA

LAB
,

and

(3) ∠(DLA, LAC) = ∠(BC,CA); ∠(DLA, LAB) = ∠(CB,BA).
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Fig. 9.

Recall that the point D′ on the segment BC is such that BD = D′C. The
triangles ABLA and AD′C are similar because ∠(BLA, LAA) = ∠(D′C,CA)
and from (2)

CD′

AC
=

BD

AC
=

BLA

ALA
.

Consequently, the line ALA passes through Q′ and the problem is to prove
that ALA and tangents to �(ABC) at E0 and F0 are concurrent or in other
words that BACLA must be harmonic. It is well-known that the quadrilateral
is harmonic iff the products of its opposite sides are equal. So we have to prove
that:

LAF0 ·AE0 = LE0 ·AF0,

or
AF0

LAF0
=

AE0

LAE0
.

Let B′ be a point on AF0 for which the triangles BAB′ and DCF0 are
directly similar. This point exists because ∠(F0A,AB) = ∠(F0C,CB). We
have

(4)
DF0

BB′ =
DC

AB
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and ∠(AB,BB′) = ∠(CD,DF0). Since the triangles LADC and LABA are
directly similar we obtain ∠(LAD,DF0) = ∠(LAB,BB′). With the help of
the equation (2) we get

(5)
BB′

DF0
=

AB

DC
=

BLA

LAD
,

so the triangles LABB′ and LADF0 are similar. Hence,

(6)
LAF0

B′LA
=

DLA

BLA
,

and ∠(BLA, LAB
′) = ∠(DLA, LAF0). Then, keeping in mind (3), ∠(B′LA, LAF0) =

∠(B′LA, LAD) + ∠(DLA, LAF0) = ∠(BLA, LAD) = ∠(ALA, LAC). Obvi-
ously, ∠(AF0, F0LA) = ∠(AC,CLA). Hence the triangles B′LAF0 and ALAC
are similar so

(7)
B′LA

B′F0
=

ALA

AC
.

By similarity of B′AB and F0CD ∠(BB′, B′A) = ∠(DF0, F0C) = ∠(DE,EC).
Also ∠(AF0, F0B) = ∠(AC,CB) so the triangles BB′F0 and DEC are similar.
As a consequence,

(8)
B′F0

BF0
=

EC

DC
.

Finally, ∠(CA,AF0) = ∠(CB,BF0), ∠(CD,DF0) = ∠(CE,EF0), so the tri-
angles AEF0 and BDF0 are similar and

(9)
BF0

AF0
=

BD

AE
.

Now, multiply (6), (7), (8), (9):

LAF0

AF0
=

DLA

BLA
· ALA

AC
· EC

DC
· BD

AE
.

Analogously,
LAE0

E0A
=

DLA

CLA
· ALA

AB
· FB

DB
· CD

AF
.

We need to prove that

DLA

BLA
· ALA

AC
· EC

DC
· BD

AE
=

DLA

CLA
· ALA

AB
· FB

DB
· CD

AF
,

or
AB

DC
· BD

AC
· CLA

BLA
· BD

DC
· EC

AE
· AF

FB
= 1.

But by Ceva Theorem applied for P and ABC we have

BD

DC
· EC

AE
· AF

FB
= 1.

Also, by similarity of two pairs of triangles BDLA and ACLA; CDLA and
ABLA (see (2))

AB

DC
· BD

AC
· CLA

BLA
= 1,

and we are done. �
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Recall, that J is the second intersection point of XA and the circumcircle
of ABC.

Lemma 7. (i) X, J , LA and D are cyclic.
(ii) The midpoint of E0F0 belongs to the circle around X, J , LA and D.

Fig. 10.

Proof. (i) It is easy, because ∠(XD,DLA) = ∠(CD,DLA) = ∠(AB,BLA) =
∠(AJ, JLA) = ∠(XJ, JLA). (See Fig. 10.)

(ii) Let RA 6= X be the second intersection point of E0F0 and the circum-
circle of XJLAD. Then ∠(XRA, RALA) = ∠(XJ, JLA) = ∠(AF0, F0LA).
Obviously, ∠(LAE0, E0F0) = ∠(LAA,AF0). Hence, the triangles E0RALA

and AF0LA are similar, so

E0RA = AF0 ·
E0LA

ALA
.

Similarly,

F0RA = AE0 ·
F0LA

ALA
.

In the proof of Lemma 6 we have shown that the quadrilateral E0AF0LA is
harmonic which is equivalent to

F0A · E0LA = E0A · F0LA.

Now it is easy to see that E0RA = F0RA. �

Lemma 8. The lines Y Z, E0F0 and LAJ are concurrent.
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Proof. Let E0F0 and LAJ intersect at UA (see Fig. 10). We will show that
UA lies on the polar line of X with respect to �(ABC). Then Corollary 1
implies the desired statement. Let O be the center of �(ABC) and let X ′

be the orthogonal projection of UA on XO. It suffices to show that X ′ is
the image of X after inversion with respect to �(ABC), in other words that
OX ′ ·OX = OA2.

By Lemma 7 we deduce that ORA ⊥ E0F0, so XX ′ ·XO = XUA ·XRA.
Also, JUA · UALA = XUA · UARA. Then

OX ·OX ′ = OX2 −XX ′ ·OX = OX2 −XUA ·XRA =
= XR2

A + OR2
A −XUA ·XRA = UARA ·XRA + OR2

A =
= UAR

2
A + OR2

A + JUA · UALA = OU2
A + JUA · UALA = OA2,

and we are done. �

In order to prove Theorem we just have to show that UA belongs to AKA.
Let GA be the second intersection point of �(ABC) and the line XLA.

Lemma 9. The points X, GA, D′, RA and A are cyclic.

Fig. 11.

Proof. Keeping in mind similarity of the triangles ACLA and AD′B (it was
proved in Lemma 6) we have ∠(XGA, GAA) = ∠(LAC,CA) = ∠(BD′, D′A),
so X,GA, D

′, A lie on a circle (see Fig. 11). In the proof of Lemma 7 (ii)
we have mentioned that E0RALA and AF0LA are similar. Also, E0AF0LA is
harmonic, hence

E0RA = F0A ·
E0LA

ALA
=

E0A · F0LA

ALA
,
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or
E0RA

E0A
=

F0LA

ALA
.

Obviously, ∠(AE0, E0F0) = ∠(ALA, LAF0), so the triangles AE0RA and AF0LA

are similar. Consequently, ∠(E0RA, RAA) = ∠(LAF0, F0A) = ∠(XGA, GAA).
�

Proof of Theorem B. We will prove that A, KA and GA are collinear (see
Fig. 11). If it is true then Theorem follows as AGA, E0F0, JLA are con-
current because these three lines are the radical axes of the circles �(ABC),
�(XJRADLA) and �(XGAD

′RAA).
We have characterized the point KA as the second intersection of �(JAD)

with BC. Hence, ∠(AKA,KAD) = ∠(AJ, JD). It suffices to show that
∠(AGA, BC) = ∠(AJ, JD). But using the previous results we can conclude
that ∠(AGA, BC) = ∠(GAA,AX)+∠(AX,XD) = ∠(GALA, LAJ)+∠(AX,XD) =
∠(XD,DJ) + ∠(AX,XD) = ∠(AX, JD) = ∠(AJ, JD), so we are done. �

Theorem C. The lines Y Z, P ′Q′, CE0, BF0 and GAD0 are concurrent.

Fig. 12.

Remark that we are going to prove slightly strengthened claim than we have
promised in the Introduction as now we have the point GA defined.

To prove this Theorem we need several Lemmas.

Lemma 10. The lines Y Z, BF0, CE0 are concurrent.
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Proof. This is trivial. It is known that BF0 and CE0 intersect on the polar
line of the point X which is Y Z by Corollary 1. �

Lemma 11. The quadrilateral JE0GAF0 is harmonic.

Proof. To prove this Lemma we need to return to the previous construction
(see Fig. 11). By Lemma 9 ∠(XRA, RAGA) = ∠(XA,AGA) = ∠(JF0, F0GA).
Obviously, ∠(RAF0, F0GA) = ∠(E0A,AGA). Then the triangles RAF0GA and
E0JGA are similar. Hence,

E0J

RAF0
=

JGA

GAF0
.

Analogously, RAE0GA and F0JGA are similar and

F0J

E0RA
=

JGA

GAE0
.

As E0RA = RAF0 we conclude that

E0J

F0J
=

E0GA

GAF0
,

so the quadrilateral JE0GAF0 is harmonic. �

Denote the meeting point of BF0 and CE0 by NA and define NB and NC

similarly (NB = AF0 ∩ CD0, NC = AE0 ∩BD0).

Lemma 12. The lines CE0, BF0 and GAD0 are concurrent.

Fig. 13.
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Proof. We will use the trigonometric form of Ceva Theorem for triangle E0D0F0

and the lines E0C, D0GA, F0B (see Fig. 13). We need to prove that

sin∠E0D0GA

sin∠GAD0F0
· sin∠F0E0C

sin∠CE0D0
· sin∠D0F0B

sin∠BF0E0
= 1.

We can replace the ratios of sinuses by the ratios of chords or in other words
we need to prove:

(10)
E0GA

GAF0
· F0C

CD0
· D0B

BE0
= 1.

By Lemma 11

(11)
E0GA

F0GA
=

E0J

JF0
,

by similarity of D0FB and D0EC

D0B

D0C
=

BF

CE
.

We will try to transform E0J/JF0. Obviously, we have two pairs of similar
triangles: XJE0 and XAF0; XAE0 and XJF0. Hence,

E0J

AF0
=

XE0

XA
;

JF0

AE0
=

XF0

XA
.

After dividing we get
E0J

JF0
=

AF0

AE0
· XE0

XF0
.

By similarity of AEF0 and BDF0; CDE0 and AFE0:

AF0

BF0
=

AE

BD
;

AE0

E0C
=

AF

DC
.

We divide equations once again and obtain

AF0

AE0
=

BF0 ·AE
BD

· DC

AF · E0C
,

hence
E0J

JF0
=

BF0 ·AE

BD
· CD

AF · E0C
· XE0

XF0
.

Now we substitute these equations into the initial expression. So we need to
prove that

BF0 ·AE

BD
· CD

AF · E0C
· XE0

XF0
· BF

CE
· F0C

BE0
= 1,

or after permutaion of factors

AE

EC
· CD

DB
· BF

FA
· BF0

E0C
· XE0

XF0
· F0C

BE0
= 1.

By Ceva Theorem applied for the triangle ABC and the point P

AE

EC
· CD

DB
· BF

FA
= 1,

so we need to prove that

BF0

E0C
· XE0

XF0
· F0C

BE0
= 1,
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but this follows from the similarity of XBF0 and XE0C; XF0C and XE0B.
Indeed, we have

BF0

E0C
=

XF0

XC
,

and
F0C

BE0
=

XC

XE0
,

so after subtitution we obtain the desired equation. �

Now we need to show that all the points NA, NB , NC lie on the line P ′Q′.

Fig. 14.

Proof of Theorem C. Apply Pascal Theorem for hexagons AGAD0CBF0 and
AGAD0BCE0 (see Fig. 14). Using the Lemma 12 we conclude from the first
one that NA, NB and KA and from the second that NA, NC and KA are
aligned. Consequently, NA, NB , NC and KA are collinear. We can repeate the
last argument to obtain that six points NA, NB , NC ,KA,KB ,KC are collinear.
But we know that KA,KB and KC lie on the line P ′Q′ and this finishes the
proof. �

Now we will prove that R′ and S′ lie on P ′Q′ or in other words the promised

Theorem D. The points P ′, Q′, R′ and S′ are collinear.

Proof. Recall that by Proposition 1 we know that AU,BV,CW concur at R′,
and D0U,E0V, F0W are concurrent at a point T (see Fig. 15). By Pappus’
Theorem applied on the lines V CF0 and WBE0 we get that the points R′ =
V B ∩WC,T = V E0 ∩WF0 and NA = BF0 ∩CE0 are collinear. Analogously
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we conclude that NB ,NC ∈ R′T . But from Theorem C we know that NA,
NB , NC belong to the line P ′Q′, hence R′T coincide with P ′Q′. Finally, we
can swap P and Q and then repeat the proof for S′ and obtain that S′ ∈ P ′Q′.

We conclude that P ′, Q′, R′, S′ are collinear. �

Fig. 15.
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